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Abstract

The Southwell coefficient (SC) represents an efficient way of presenting the relationship between rotating
and non-rotating frequencies for rotating structures. For a given setting angle, a relationship between the
in-plane frequencies and out-of-plane frequencies exists. In this paper, a proof of the relationship that exists
between the in-plane and out-of-plane frequencies is given in terms of SC. With knowledge of the speed of
rotation and the out-of-plane or in-plane frequencies along with this relationship in hand, the in-plane or
out-of-plane frequency is easily investigated without recourse to further extensive calculations. Therefore,
the Southwell relation provides a suitable tool for natural frequency estimates of rotating beams at a
preliminary design stage.
© 2005 Elsevier Ltd. All rights reserved.

1. Stiffening effect due to rotation

The stiffening effect of rotation was first acknowledged by Lamb and Southwell [1]. In their
attempt to predict the fundamental frequency for rotating components, Lamb and Southwell [1]
introduced the effect of stiffening caused by the spin of a disc through a general approximate
relation of a lower bound form
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where Q represents the speed of rotation and wpy; and wg; are the natural frequencies of the ith
mode of the non-rotating and rotating disc, respectively. In a subsequent paper, Southwell and
Gough [2] extended the previous work to include many blade shapes such as the uniform
cantilever and the knife-edged wedge. They used Rayleigh’s quotient in order to estimate the
fundamental natural frequency and established an upper bound relation of the form

g SOy + S, ®)

where S; is a constant that corresponds to the ith mode. This is referred to as the Southwell’s
coefficient (SC) and depends on the form of the blade. Thus, the value of wg; may be determined
within upper and lower limits of error.

2. Softening effect due to the inclusion of a setting angle

The inclusion of a setting angle, ¥/, in beam vibration problems originated in the work of Lo
and Renbarger [3]. The setting angle in the helicopter area is analogous to the pitch angle of the
blade, which must be continuously adjusted over the rotor disk in order to control the thrust and
force distribution. Lo and Renbarger [3] derived a nonlinear differential equation for bending
vibration of a rotating uniform Euler—Bernoulli beam clamped to a rigid hub, with the mid-plane
of the beam cross-section making an angle y with the plane of rotation. For yy = 0° the motion is
described as out of the plane of rotation, and for yy = 90° the motion is in the plane of rotation.
Lo and Renbarger [3] showed that the frequencies at any arbitrary setting angle y are related to
the frequencies at y = 0°, by the relation

w%eil// = a’%eio — Q7 sin® v, (3)
where wg;, and oy,  represent, respectively, the frequen01es of the ith mode at zero and at an
arbitrary setting angle. In the above, the term Q7 sin® \ causes a softening effect that opposes the
stiffening one shown in Southwell’s equation. For yy = 0°, this term vanishes and for iy = 90° it is
maximum and dominates, in certain cases, the stiffening effect. With knowledge of the speed of
rotation and the out-of-plane or in-plane frequencies along with this relationship in hand, the in-

plane or out-of-plane frequency is easily investigated without recourse to further extensive
calculations.

3. In-plane and out-of-plane frequencies in terms of Southwell coefficients

In connection with the above Southwell relation, it can be easily shown that if the relationship
given by Lo and Renbarger [3] is substituted into the Southwell relation, the resulting out-of-plane
and in-plane Southwell coefficients differ by unity, regardless of the mode considered. This is true
provided that the beam is slender and has constant stiffness and inertia properties. This
characteristic was shown to be the case for rotating tapered Timoshenko beams as reported by
Bazoune et al. [4].

Neglecting the Coriolis effect, the free vibrational motion of a spinning rotating
Euler—Bernoulli beam that is making a setting angle yy with the plane of rotation can be given
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by the following differential equation, as in Ref. [4]:
Mx + (K — @’ M sin® y)x = 0, (4)

where M and K are the mass and stiffness matrices, respectively. The out-of-plane (flapping)
equation (y = 0°) of the free vibrational motion can be written as

Mx + Kx =0 (5)
while the in-plane (lead-lag) (y = 90°) equation of the free vibrational motion can be written as
Mx + (K — @°M)x = 0. (6)

Assuming a solution of the form:
x = e/, (7)

where X is the vector of displacement amplitudes and w is the frequency of harmonic vibrations
and j = ~/—1. Substitution of Eq. (7) into Egs. (5) and (6) yields, respectively,

K — 0p M) X =0 ®)

and
[K — (0F:00 + QOM] % = 0. )
Since the matrices K and M are identical in Egs. (8) and (9), the eigenvalues are also identical, i.e.,
Opio = (@90 + 7). (10)

Notice that Eq. (10) can be obtained from Eq. (3) by substituting = 90°. The Southwell
relationship can be written for both lead-lag and flapping motion as follows:

w%wo < w?vwo + Si,9092 (11)
and
W0 < O + SioQ. (12)

For a stationary beam w%,l-’o = cojz\,i’go, and by subtracting Eq. (11) from Eq. (12) one can get

U)%ei,o - w%e,‘go <(Sio — Si,9O)Q2- (13)
But from Eq. (10) one has
ORio — Origo = - (14)
Substitution of Eq. (14) into Eq. (13) yields
Q@ <(Sip — Sio0)2’ (15)
or
Sio — Sigo=1. (16)

Thus the difference between the SC associated with the in-plane and that associated with the out-
of-plane frequencies for slender beams is always greater than or equal to unity regardless of the
mode considered.
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